Introduction
In the developing nervous system, axons find the targets they will innervate navigating through the extracellular environment. Pathfinding crucially relies on chemical cues and, among the others, guidance by gradients of diffusible ligands plays a key role (see, e.g., [33, 27, 31] ). Detection and transduction of navigational cues is mediated by the growth cone (GC), a highly dynamic structure located at the axon tip [15, 14] . The cascade that leads to motility decisions is initiated by binding of the ligand with receptors located on the GC surface and on filopodia, thin filaments that protrude out from the distal part of the GC. the standard benchmark chemotaxis assay studies in vitro the response of GCs exposed to steady graded concentrations of a single attractive/repulsive ligand [36, 37, 26] . Axon turning angles are measured after a certain time interval from the onset of the gradient. Different mathematical and computational models have been developed to model this phenomena. In [12] and in the successive paper [35] , the Date: Received: date / Revised: date.
differential receptor binding across the GC diameter is connected to the likelihood of generating new filopodia. Filopodia production is enhanced/inhibited in the angular sector facing the attractant/repellent source. This effect represents a positive feedback mechanism. The new orientation of the GC is a combination of the previous orientation plus a function of the actual angle of maximum receptor binding.
The two contributions are weighted the 97% and 3%, respectively, thus introducing an inertial (memory) effect. In [1] , a step toward the introduction of intracellular mechanisms is carried out by relating the angular distribution of filopodia to the angular variation of ionic calcium diffused in the periphery of the GC. In [16, 17] , guidance is driven by steady-state diffusible chemoattractants and chemorepellants, as well as by homophilic axon-to-axon attraction, for which a diffusive mechanism is supposed to exist as well. In [25] , a system of ordinary differential equations describes the deterministic macroscopic motion of the GC and the dynamical evolution of its internal state, respectively.
In this article, we consider a model which extends the one proposed in [2] . The chemotactic GC system is described as a series of functional subsystems, ranging from gradient sensing to signal transduction, down to motion actuation. A characteristic time is singled out for each subsystem, representing the fact that independent concentration measures by receptors, internal reorganization preceding motion and discernible axon turning act on separated temporal scales, from the smaller to the larger one. The mathematical model describes input/output relations of signals of each functional subsystem, without reproducing intracellular chemical processes.
The biological situation we address is the in vitro exposure to multiple diffusible cues, which interaction substantially modifies the GC response. This setting is representative of the case of commissural axons (see Fig. 1 ). In a first phase, these axons are attracted to the nervous system midline by a gradient of the protein netrin−1, but, after crossing the midline, receptors for the repellent Slit protein are upregulated and loss of response to netrin occurs, despite the fact that expression of the receptor for this latter ligand is maintained. This sequence of events leads axons to definitely depart from the midline to which they were attracted before (see [19, 7, 21, 22] ). At our knowledge, guidance for commissural axons has been mathematically dealt with only in the paper [11] , but a different aspect than the present work has been considered there. Namely, in [11] a theoretical model is proposed to explain sorting of commissural axons after crossing the midline due to the expression of different subfamilies of Slit receptors. Here, we focus rather on the hypothesis of [32] that, in Drosophila but likely in vertebrates as well, the abrupt change of behavior of commisural axons is due to a gating effect of Slit receptors belonging to the Rondabout family [18] (Robo) on netrin receptors belonging to the Deleted in Colorectal Cancer family [20] (DCC). In [32] , turning angles of axons after 1h of in vitro exposure to a gradient of netrin-1, Slit, or netrin-1 combined with Slit were measured. The results show that at Drosophila developmental stage 22, netrin-1 causes a net attraction of axons towards the source, while Slit as well as netrin-1 combined with Slit do not produce significant turnings. Moreover, at developmental stage 28, axons do not seem to be responsive any more to netrin-1, whilst they are strongly repelled by Slit and by netrin-1 combined with Slit. The conceptual idea to explain this behavior is that the silencing effect of Robo receptors on DCC receptors is partly of entirely responsible for the loss of responsiveness of commissural axons to netrin-1 (see, in particular, [32, Discussion] ). This amounts to say that the different responsiveness is to be related to events occurring in the very early stages of the transduction chain.
As a matter of fact, mechanisms like the one illustrated above are still far to be completely unveiled. For example, how precisely ligand-receptor binding is converted into an intracellular signal is still a research issue. At present, receptor activation can be only monitored by observing biological responses, such as changes in neurite outgrowth [18] . This motivates the use of theoretical and computational models. In particular, the emerging area of the analysis of the cellular transduction system as a device that has to make decisions based on imperfect information about the environment can provide hints about the characteristics of the hidden processes of the transduction process. Imperfect information arises due to fluctuations in the field signalling molecules as well as throughout the entire GC intracellular network (for a discussion on this topic in eukaryotic cells or bacteria chemotaxis, see, e.g., [24, 28, 4, 3] ). In [2] , a study has been carried out on the propagation throughout the GC transduction cascade of the main statistical indexes relating signal and noise in guidance. Here, we extend this technique introducing a more detailed modeling of ligand-receptor binding and relating this process to the transduction mechanism. The study of the transmission of the noise-to-signal ratio allows, on the one hand, to predict the variability of the gradient assay as a function of ex- [19, 7, 21, 22] . The rest of the paper is organized as follows. In Sect. 2, we illustrate the model adopted for describing the axon chemotaxis, discussing the mathematical representation of the Sensing Device, Intracellular Transduction and Motor Actuator subsystems. In Sect. 3, we introduce the statistical indexes that will be used to characterize the system performance. In Sect. 4, we perform numerical simulations of the single and multiple ligand chemotactic assays, and we discuss the results. In Sect. 5, we present a simplified phenomenological model of axon response in presence of multiple cues that macroscopically reproduces the behavior of commissural axons.
Model of axon chemotaxis
The model of axon chemotaxis we consider, introduced in [2] , provides a synthetic mathematical representation of the transduction cascade of the GC. Different subsystems are identified, which lead from sensing of ligand concentration gradients to motion (see Fig. 2 ). The model is especially tailored for studying 2D in vitro ∆c P t
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where k D is the ligand dissociation constant. The history of the i-th site located on side j = 1 or j = 2 is described by a function p time δt. An approximation of p on each side of the GC may then be obtained as
The difference in time occupancy ∆p = p 1 −p 2 provides an estimate of the difference of concentration across sides 1 and 2. In Sect. 2.1.1 and 2.1.2, we provide a model for the processes p to a molecule of ligand is assumed as in [6] to be a continuous Markov chain on the state space S = {f, b} (f =unbound, b =bound) with transition rate matrix
where τ b (resp.τ f ) is the average time the receptor remains bound to (resp. unbound from) a molecule of ligand. The time τ b is estimated in [6, Eq.44] as
D being the ligand diffusion constant and s the effective radius of the receptor.
The state of a receptor is supposed to be statistically independent on the processes taking place at the other binding sites. A receptor switching from state f to b (resp. from state b to f ) will remain in that state for a random time distributed as an exponential law of parameter τ b (resp. τ f ), independent on its previous history.
The characteristic times τ f and τ b are related to the average occupancy via the
2.1.2. The receptor binding process with multiple ligands: silencing effect. When more ligands are present but non interacting, the binding processes are independent.
Each process can be studied as in indicated in the previous section. We consider in the following the case of two ligands X and Y . The transition matrix (3) of the joint process becomes 
2.2.
Model of the Intracellular Transduction. Intracellular transduction is a highly complex network. Here, we do not consider single physical processes, but we directly model the input/output relation of the subsystem. A gradient of chemoattractant (resp. chemorepellant) concentration orients the GC motion toward (resp. away from) the direction of the concentration source. According to a mechanical description, we ascribe the trajectory deviation to an equivalent action vector P t . This latter quantity is continuously compared against a vector P produced by the SDSys, directed along the maximum gradient and related to the difference in receptor occupancy ∆p (this latter issue will be addressed more in detail later). The output of the ITSys results from the new information P and from a memory effect which damps the response
where λ is a weighting factor (memory effect, see also [35, Sect. Mathematical
λ Z η , where P = ( P), Z s and Z η are two-dimensional standardized random vectors independent of P t , σ s and σ η are volatility parameters and the factor 2/λ appears due to a normalization choice.
The contribution η represents a noise term purely coming from the intracellular transduction mechanism and it is not dependent on the external concentration field.
The time interval δt is chosen to be long enough so that the new contribution P + η can be assumed statistically independent from P t .
Let λ = δt τ , τ being a persistence time characteristic of internal signal transduction. Then, Eq. 7 can be reformulated as
where σ = σ 2 s + σ 2 η is the process volatility. The term δP = P t+δt − P t represents an incremental "kick" on the trajectory (see also [8] ). Since the characteristic time scale of ITSys is larger than δt, we can adopt as a model of the input/output relation of this subsystem the following continuous generalized Ornstein-Uhlenbeck (OU) process, which is assumed to obey to Ito calculus (see, e.g., [5] )
where W t denotes a two-dimensional Wiener process. When P does not depend on time, σ is constant and the solution of (9) reads (10)
Relation (10) shows that the mean value of P t tends exponentially fast in time to P. Moreover, Ito's lemma [5] implies that, at steady-state, P t is a bivariate
Gaussian distribution subjected to an isotropic random perturbation of bounded variance σ2.3. Model of the Motor Actuation. We suppose that the action P t coming from Eq. (9) induces an acceleration only along the direction transversal to the trajectory (see also [25] for a similar hypothesis). The law of the GC motion can be written as:
where v g = v g e g is the axon velocity vector (v g = 20−30 µm/h, [34] ), e ⊥ is the unit vector perpendicular to e g , x 0 g and v 0 g are the given initial position and direction of the axon GC, P 0 is the given initial equivalent force, m is the GC equivalent mass, α is the angle that e g forms with the horizontal direction and β is the angle between e g and P t (see Fig. 4 ).
Notice that in system (11), the effect of external gradient only concerns the direction of the unit vector e g , leaving the velocity modulus constant. Moreover, notice that when P = 0, the trajectory will not be deterministically deviated. This reproduces the physical fact that, in absence of ligand gradients and at least on in vitro experiments, axons tend to follow noised trajectories with no significant bias from their initial growth direction [9] .
Eq. (11) 3 models the ITSys input/output relation, while Eq. (11) Table 1 .
Study of the coefficients of variation in the transduction chain
In this section, we introduce statistical indexes that allow to characterize the degree of organization of the signal throughout the steps of the chemotactic system.
The macroscopically observable quantities (as the turning angles in the gradient assay) allow to compute the indexes pertaining to the output of the last part of the chain. Starting from these values and using the mathematical model, we compute the statistical indexes of the earlier compartments of the system. In particular, we use the coefficient of variation, defined as the ratio between the standard deviation and the expected value of a stochastic distribution, to assess the weight of the fluctuating over the deterministic part of a signal arising from a subsystem input/output relation.
Experimentally recorded distributions of turning angles γ provide data to estimate the coefficient of variation
which represents an information about the degree of organization of the GC macroscopic behavior. When CV γ ≫ 1, noise prevails on the signal and the motion is just a random walk. When CV γ ≪ 1, noise plays a very minor role and the motion is a deterministic path. When CV γ approaches values of the order of the unity, which is generally the case in GC chemotactic assays, noise and signal have almost the same weight. Local fluctuations do exist, but trajectories show a significant and detectable bias.
We now proceed back in the chain, relating CV γ to the coefficient of variation of P t , (which is an hidden process) as
τ being the time parameter of the ITSys (see [2] for a detailed derivation of Eq. (13)).
Observing that
we further have
where the time scale factor t/δt = 1/λ keeps into account the memory effect which weights the signal P + η in P t (see Eq. (7)). We can now investigate the properties of the sensing function. With this aim, we introduce the quantity 
.
We assume that P ∝ ∆p. Then, by Eq. (17), we can further obtain
Numerical simulations based on the gradient sensing model can be used to evaluate quantities referred to ∆p (see Sect. 4). 
As a matter of fact, using Eq. (15) and (20) 
We can also consider the case where arbitrary concentrations x and y of ligand of type X and Y are present and compute the ratio CV γ | (x,y) /CV γ | (x,0) , which allows to quantify the effect of silencing with respect to the unsilenced case for arbitrary concentrations.
Numerical simulations
In this section, we carry out numerical simulations using the mathematical model introduced in the Sect 2. Then, we compute the statistical indexes of the input/output relations of the subsystem as discussed in Sect. 3.
4.1.
The single ligand case. We study the properties of the sensing process ∆p.
We set in the model of Sect. 2.1.1 τ b = 0.83s, concentration at the center of the GC ranging from 0.1nM to 100nM and gradient steepness of 2% across the GC diameter.
The value of τ b is computed from Eq. (4) considering the netrin-1 parameters [20, 30] and s = 10Å [13] .
In We superpose in the same graph the quantity ( ∆p) = (p 1 ) − (p 2 ), which is analytically computed from the non-negative eigenvector of the transition matrix of the process, related to the probability at steadiness of each receptor to be in a In Fig. 6 (resp. Fig. 7) , we plot the ratio Following this model, the maximum expected value of the output signal is attained at a concentration value corresponding to the dissociation constant (see Eq. (1)). 
Phenomenological study of axon response to multiple cues
In this section, we propose a simplified phenomenological model to reproduce axon response in presence of multiple cues. This model does not consider the detail of the gradient sensing process. We deal with the case where two cues X and Y are interacting. In order to model the resulting contribution P in Eq. (7), we introduce the time dependent weights w X and w Y , related to the activity of receptors binding to cue X and Y , respectively, and we set
where P X , P Y arise from the single X and Y cues.
The time functional dependence of the weights w X and w Y is supposed to be governed by the following differential system which represents the evolution at different developmental stages of the receptor activation We use system (23) in the model (22) to study the behavior of commissural axons (substance X being netrin-1 and substance Y Slit). As illustrated in [32] , and Slit receptors is represented in Fig. 8 , continuous lines. Both w X and w Y follow a power-law growth with saturation till the respective decay time In case of interaction, Slit silences netrin-1 while no effect is exerted by netrin-1 on Slit.
We choose here for the simulation a = 5, b = 0. The silenced behavior of netrin-1 receptors is represented in Fig. 8 , dashed line. In this case, the decay time of w X occurs much before due to the silencing effect of Y receptors. The relation between an assigned concentration gradient and the vector P can be found by experimental results using the relation [2] (24)
where R c,min is the minimum radius of curvature of the trajectory (see also [25, Eq. (28)]).
The calibration of the model is obtained by solving problem (11) coupled with system (23) using the test setting of [32] . Final turning angles after 1h of exposure to the gradient, computed with parameters corresponding to stage 22 and stage 28, are reported in Fig. 9 . This simple phenomenological model indicates that at stage 22 the repellent effect of Slit is weak (corresponding to a low weighting factor), whilst its silencing effect is relevant. This condition suggests that Slit activates slowly, but significantly before stage 22, because it needs a suitable time to cause decrease of the netrin-1 weight by hierarchical interaction.
